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Abstract
In this paper we analyze a time-reversal experiment in a random underwater acoustic channel.
In this kind of waveguide with semi-infinite cross section a propagating field can be decomposed
over three kinds of modes: the propagating modes, the radiating modes and the evanescent modes.
Using an asymptotic analysis based on a separation of scales technique we derive the asymptotic
form of the the coupled mode power equation for the propagating modes. This approximation is
used to compute the transverse profile of the refocused field and show that random inhomogeneities
inside the waveguide deteriorate the spatial refocusing. This result, in an underwater acoustic
channel context, is in contradiction with the classical results about time-reversal experiment in
other configurations, for which randomness in the propagation medium enhances the refocusing.
Key words. acoustic waveguides, random media, asymptotic analysis
AMS subject classification. 76B15, 35Q99, 60F05
Introduction
The time-reversal experiments of M. Fink and his group in Paris have attracted considerable attention
because of the surprising effect of enhanced spatial focusing and time compression in random media.
The refocusing properties have numerous interesting applications, in detection, destruction of kidney
stones, and wireless communication for instance. This experiment is in two steps. In the first step
(see Figure 1 (a)), a source sends a pulse into a medium. The wave propagates and is recorded by
a device called a time-reversal mirror. A time-reversal mirror is a device that can receive a signal,
record it, and resend it time-reversed into the medium. In the second step (see Figure 1 (b)), the wave
emitted by the time-reversal mirror has the property of refocusing near the original source location.
However, surprisingly, it has been observed that random inhomogeneities enhance refocusing [7, 8].
Time-reversal refocusing in one-dimensional propagation media is carried out in [6, 10]. In three-
dimensional randomly layered media [9], in the paraxial approximation [3, 5, 21], and in random
waveguides [10, 12], it has been shown that the focal spot can be smaller than the Rayleigh resolution
formula λL/D (where λ is the carrier wavelength, L is the propagation distance, and D is the mirror
diameter), but the focal spot is still larger than the diffraction limit λ/2. Moreover, in [14] the author
propose a setup in a waveguide with random perturbations in the vicinity of the source in order to
obtain a superresolution effect, that is to refocus beyond the diffraction limit with a far-field time-
reversal mirror. The setup was inspired from [20] describing this superresolution effect experimentally.
Time reversal of a broadband pulse, in the case of a waveguide with a bounded cross-section and
Dirichlet boundary conditions, is carried out in [12] and [10, Chapter 20]. In underwater acoustics
the waveguide model (see Figure 1) has a semi-infinite cross section, and therefore a wave field can
be decomposed into three kinds of modes: the propagating modes, the evanescent modes, and the
radiating modes. Consequently, waveguides with bounded cross-sections does not take into account
radiation losses which can be encountered in underwater acoustics. Moreover, the refocusing enhance-
ment of the time-reversal experiment in random waveguides is closely related to the propagation of
the propagating modes power in the random medium. For waveguides with bounded cross-sections
∗Department of Mathematics, Stanford University, Building 380, Sloan Hall Stanford, California 94305 USA
(chgomez@math.stanford.edu). Tel: +(1)650-723-1968. Fax: +(1)650-725-4066.
1
ar
X
iv
:1
20
1.
51
57
v1
  [
ma
th.
AP
]  
24
 Ja
n 2
01
2
Time−reversal
Source Ocean
Bottom
mirror
Time−reversal
Source Ocean
Bottom
mirror
(a) (b)
Figure 1: Representation of the time-reversal experiment. In (a) we represent the first step of the
experiment, and in (b) we represent the second step of the experiment.
the total propagating mode power is conserved and even uniformly distributed after long-range prop-
agations [10, 12], that is why refocusing enhancement can be observed. In underwater acoustics, with
a far-field time-reversal mirror only the propagating modes contribute to the focal spot, and it has
been shown [15, 17] that the presence of radiating modes produces an effective dissipation on the
propagating modes, which cannot be fully compensated by time reversal. As a result, in contrast with
all the results listed above regarding improvement of the time-reversal focusing thanks to the ran-
dom perturbations in the propagation medium, we show in this paper that random inhomogeneities
in a context of underwater acoustics deteriorate the refocusing property. The deterioration of the
refocusing property for the time-reversal experiment has already been observed in [1]. However, in
there context the authors considered a thermo-viscous wave model to incorporate viscosity effects in
wave propagation. In our context, the deterioration of the refocusing is only due to the random in-
homogeneities and the geometry of the propagation media. Therefore, it is interesting to understand
these effects and to characterize them on the focal spot resulting from the time-reversal experiment.
The main result of this paper is the analysis of the radiation losses on the refocused wave in the
time-reversal experiment in a context of underwater acoustics. In Theorem 3.7 and Theorem 3.8,
we show that the radiative losses affect the quality of the time-reversal refocusing in two different
ways. First, as expected according to the results obtained in [15], the amplitude of the refocused
wave decays exponentially with the propagation distance. Second, the width of the main focal spot
increases and converges to an asymptotic value, which is larger than the diffraction limit λoc/(2θ)
obtained in Proposition 3.1 (where λoc is the carrier wavelength in the ocean section with index of
refraction n1, and θ =
√
1− 1/n21).
The organization of this paper is as follows. In Section 1 we introduce the underwater waveguide
model studied in detail in [24], and in Section 2 we present the mode decomposition associated to this
model and we derive the coupled mode equations. In Section 3 we study the time-reversal experiment.
We describe in a simple way the refocused transverse profile in terms of the solution of the continuous
diffusive model obtained in [15], and describing the mode-power coupling between the propagating
and radiating modes.Thanks to this representation we show that the quality of the time-reversal
refocusing is deteriorated by the radiative losses in the ocean bottom.
1 Waveguide Model
We consider a two-dimensional linear acoustic waveguide model. The conservation equations of mass
and linear momentum are given by
ρ(x, z)∂u
∂t
+∇p = Fq,
1
K(x, z)
∂p
∂t
+∇.u = 0,
(1)
where p is the acoustic pressure, u is the acoustic velocity, ρ is the density of the medium, K is the
bulk modulus, and the source is modeled by the forcing term Fq(t, x, z) given by
F(t, x, z) = Ψ(t, x)δ(z − LS)ez.
2
Figure 2: Illustration of the shallow-water waveguide model.
The third coordinate z represents the propagation axis along the waveguide. The transverse section
of the waveguide is the semi-infinite interval [0,+∞), and x ∈ [0,+∞) represents the transverse
coordinate. Here, F represents a point source localized at z = LS , pointing in the z-direction,
with temporal and transverse profile given by Ψ(t, x). Let d > 0 be the bottom of the underwater
waveguide, the medium parameters are given by
1
K(x, z) =

1
K¯
(
n2(x) +
√
V (x, z)
)
if x ∈ [0, d], z ∈ [0, L/]
1
K¯
n2(x) if
 x ∈ [0,+∞), z ∈ (−∞, 0) ∪ (L/,+∞)or
x ∈ (d,+∞), z ∈ (−∞,+∞).
ρ(x, z) = ρ¯ if x ∈ [0,+∞), z ∈ R,
and where V is a stochastic process describing the random perturbation of the propagation medium
(see Figure 2 for an illustration of the random underwater waveguide model). In this paper we consider
the Pekeris waveguide model. This kind of model has been studied for half a century [22] and in this
model the index of refraction n(x) is given by
n(x) =
{
n1 > 1 if x ∈ [0, d)
1 if x ∈ [d,+∞).
The Pekeris profile models an ocean with a constant sound speed, and where d represents the ocean
depth. Conditions corresponding to the Pekeris model can be found during the winter in Earth’s mid
latitudes and in water shallower than about 30 meters.
The perturbation V is assumed to be a continuous real-valued zero-mean stationary stochastic
process with φ-mixing properties [19]. More precisely, let
Fu = F0,u = σ(V (x, z), x ∈ [0, d], 0 ≤ z ≤ u) and Fu,+∞ = σ(V (x, z), x ∈ [0, d], , u ≤ z),
we assume that
sup
v≥0
A∈Fu+v,+∞
B∈F0,v
|P(A|B)− P(A)| ≤ φ(u).
This φ-mixing property describes the decorrelating behavior of the random perturbation V through
the nonnegative function φ ∈ L1(R) ∩ L1/2(R) characterizing the decorrelation speed. Throughout
this paper, for the sake of simplicity and for explicit computations in Section 3.9.2 and Section 3.9.3,
we assume that the autocorrelation function of the random perturbation V is given by
E[V (x1, z1)V (x2, z2)] = γ0(x1, x2)e−a|z1−z2| ∀(z1, z2, x1, x2) ∈ [0,+∞)2 × [0, d]2.
From the conservation equations (1), we derive the wave equation for the pressure field,
∆p− 1
c(x, z)2
∂2p
∂t2
= ∇.F,
3
where c(x, z) =
√
K(x, z)/ρ(x, z) is the sound speed profile, ∆ = ∂2x + ∂2z , and c =
√
K¯/ρ¯. In
underwater acoustics it is natural to use a pressure-release condition since the density of air is very
small compared to the density of water. As a result, the pressure is very weak outside the waveguide,
and by continuity, the pressure at the free surface x = 0 is zero. This consideration leads us to
consider the Dirichlet boundary conditions
p(t, 0, z) = 0 ∀(t, z) ∈ [0,+∞)× R.
To study the focusing property of the time-reversal experiment we need to understand the wave
propagation in the random medium. To do that, we use a separation of scale technique introduced by
G. Papanicolaou and his coauthors in [2] for instance. The important scale parameters in our problem
are: the wavelength, the correlation length and the standard deviation of the medium inhomogeneities,
the propagation distance, and bandwidth of the pulse. This last scale parameter plays a key role in
the statistical stability of the time-reversal experiment.
First of all, the model of wave propagation considered in this paper is a linear models, so that the
pressure p(t, x, z) can be expressed as the superposition of monochromatic waves by taking its Fourier
transform. Here, the Fourier transform and the inverse Fourier transform, with respect to time, are
defined by
f̂(ω) =
∫
f(t)eiωtdt, f(t) = 12pi
∫
f̂(ω)e−iωtdω.
As a result, in the half-space z > LS (resp., z < LS), we get that p̂(ω, x, z) satisfies the time-harmonic
wave equation without source term
∂2z p̂(ω, x, z) + ∂2xp̂(ω, x, z) + k2(ω)n2(x)p̂(ω, x, z) +
√
V (x, z)p̂(ω, x, z)1[0,d](x)1[0,L/](z) = 0, (2)
where k(ω) = ω/c is the wavenumber, and with Dirichlet boundary conditions p̂(ω, 0, z) = 0 ∀z. The
source term does not appear in (2) but induces the following jump conditions for the pressure field
across the plane z = LS
p̂(ω, x, L+S )− p̂(ω, x, L−S ) = Ψ̂(ω, x),
∂z p̂(ω, x, L+S )− ∂z p̂(ω, x, L−S ) = 0.
(3)
To study (2), we consider this equation as an operational differential equation
d2
dz2
p̂(ω, ., z) +R(ω)
(
p̂(ω, ., z)
)
+
√
V (·, z)p̂(ω, ., z)1[0,d](·)1[0,L/](z) = 0
in H = L2(0,+∞), where R(ω) is an unbounded operator on H with domain
D(R(ω)) = H10 (0,+∞) ∩H2(0,+∞),
and defined by
R(ω)(y) = d
2
dx2
y + k2(ω)n2(x)y ∀y ∈ D(R(ω)). (4)
In the next section we introduce the spectral decomposition of the operator R(ω) [24]. This decom-
position we will be used in what follows to decompose the field p̂(ω, x, z) and then understand the
stochastic effects undergoes during the propagation.
1.1 Spectral Decomposition in Unperturbed Waveguides
The spectral analysis of the self-adjoint Pekeris operator (4) is carried out in [24]. To use this spectral
decomposition, we are interested in solutions of (2) such that
p̂(ω, ., .)1(LS ,+∞)(z) ∈ C0
(
(LS ,+∞), H10 (0,+∞) ∩H2(0,+∞)
)
∩ C2
(
(LS ,+∞), H
)
,
p̂(ω, ., .)1(−∞,LS)(z) ∈ C0
(
(−∞, LS), H10 (0,+∞) ∩H2(0,+∞)
)
∩ C2
(
(−∞, LS), H
)
.
According to [24], the spectrum of the unbounded operator (4) is given by
Sp
(
R(ω)
)
=
(−∞, k2(ω)] ∪ {β2N(ω)(ω), . . . , β21(ω)}.
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The continuous part of the spectrum comes from the fact that our waveguide model is semi-infinite.
For the discrete part, the modal wavenumber βj(ω) are positive and
k2(ω) < β2N(ω)(ω) < · · · < β21(ω) < n21k2(ω).
Regarding the spectral decomposition, there exists a resolution of the identity Πω of R(ω) such that
∀y ∈ H, ∀r ∈ R,
Πω(r,+∞)(y)(x) =
N(ω)∑
j=1
〈
y, φj(ω, .)
〉
H
φj(ω, x)1(r,+∞)
(
βj(ω)2
)
+
∫ k2(ω)
r
〈
y, φγ(ω, .)
〉
H
φγ(ω, x)dγ1(−∞,k2(ω))(r),
and ∀y ∈ D(R(ω)), ∀r ∈ R,
Πω(r,+∞)(R(ω)(y))(x) =
N(ω)∑
j=1
βj(ω)2
〈
y, φj(ω, .)
〉
H
φj(ω, x)1(r,+∞)
(
βj(ω)2
)
+
∫ k2(ω)
r
γ
〈
y, φγ(ω, x)
〉
H
φγ(ω, x)dγ1(−∞,k2(ω))(r).
Let us describe more closely the discrete and the continuous part of the decompositions.
Discrete part of the decomposition ∀j ∈ {1, . . . , N(ω)}, the jth eigenvector is given in [24] by
φj(ω, x) =
{
Aj(ω) sin(σj(ω)x/d) if 0 ≤ x ≤ d
Aj(ω) sin(σj(ω))e−ζj(ω)
x−d
d if d ≤ x,
where
σj(ω) = d
√
n21k
2(ω)− β2j (ω), ζj(ω) = d
√
β2j (ω)− k2(ω),
and
Aj(ω) =
√√√√ 2/d
1 + sin
2(σj(ω))
ζj(ω) −
sin(2σj(ω))
2σj(ω)
. (5)
Here, σ1(ω), . . . , σN(ω)(ω) are the solutions on (0, n1k(ω)dθ) of the following equation,
tan(y) = − y√
(n1kdθ)2 − y2
, (6)
and such that 0 < σ1(ω) < · · · < σN(ω)(ω) < n1k(ω)dθ, with θ =
√
1− 1/n21. This last equation ad-
mits exactly one solution over each interval of the form
(
pi/2+(j−1)pi, pi/2+jpi) for j ∈ {1, . . . , N(ω)},
where
N(ω) =
[
n1k(ω)d
pi
θ
]
,
and [·] stands for the integer part. From (6), we have the following results [16] which are used to
obtain the main result of this paper in Section 3.9.3.
Lemma 1.1 Let α ∈ (1/3, 1), we have as N(ω)→ +∞
sup
j∈{1,...,N(ω)−[N(ω)α]−1}
|σj+1(ω)− σj(ω)− pi| = O
(
N(ω) 12− 32α
)
.
sup
j∈{1,...,N(ω)−[N(ω)α]−2}
∣∣σj+2(ω)− 2σj+1(ω) + σj(ω))∣∣ = O (N(ω)1−3α) .
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Let us note that, ∀η ∈ [0, 1[, we have
sup
j∈{1,...,N(ω)α}
|σj(ω)− jpi| = O(N(ω)α−1), (7)
and
lim
N(ω)→+∞
sup
j∈{1,...,N(ω)α}
‖φj(ω, ·)− φj(·)‖H = 0
with
φj(x) =
{ √
2
d sin(j
pi
dx) if x ∈ [0, d]
0 if x ≥ d.
This result means that in the limit of large number of propagating modes the low order propagat-
ing modes are very similar in shape to those of a perfect bounded waveguide with pressure-release
boundary conditions at x = 0 and x = d. This approximation does not hold anymore for high or-
der propagating modes, but the results of Lemma 1.1 mean that the distribution of solutions of (6)
is closed to the distribution of the eigenvalues of the transverse Laplacian associated to a perfect
bounded waveguide with pressure-release boundary conditions at x = 0 and x = d.
Continuous part of the decomposition For γ ∈ (−∞, k2(ω)), we have [24]
φγ(ω, x) ={
Aγ(ω) sin(η(ω)x/d) if 0 ≤ x ≤ d
Aγ(ω)
(
sin(η(ω)) cos
(
ξ(ω)x−dd
)
+ η(ω)ξ(ω) cos(η(ω)) sin
(
ξ(ω)x−dd
))
if d ≤ x,
where
η(ω) = d
√
n21k
2(ω)− γ, ξ(ω) = d
√
k2(ω)− γ,
and
Aγ(ω) =
√
dξ(ω)
pi
(
ξ2(ω) sin2(η(ω)) + η2(ω) cos2(η(ω))
) .
Let us note that φγ(ω, .) does not belong to H so that
〈
y, φγ(ω, .)
〉
H
is not defined in the classical
way. In fact, we have 〈
y, φγ(ω, .)
〉
H
= lim
M→+∞
∫ M
0
y(x)φγ(ω, x)dx
where the limit holds on L2
(−∞, k2(ω)). Moreover, according to the following Plancherel equality
‖y‖2H = ‖Πω(−∞,+∞)(y)‖2H =
N(ω)∑
j=1
∣∣〈y, φj(ω, .)〉H ∣∣2 + ∫ k2(ω)−∞ ∣∣〈y, φγ(ω, .)〉H ∣∣2dγ,
the map which assigns to every element of H the coefficients of its spectral decomposition
Θω : H −→ Hω
y −→
((〈
y, φj(ω, .)
〉
H
)
j=1,...,N(ω),
(〈
y, φγ(ω, .)
〉
H
)
γ∈(−∞,k2(ω))
)
is an isometry, from H onto Hω = CN(ω) × L2(−∞, k2(ω)).
2 Mode Coupling in Random Waveguides
Before describing the time-reversal experiment in our randomly perturbed waveguide model, we need
to understand how the wave is perturbed during the propagation through the medium. In this section,
we study the random effects produced on the modal decomposition of p̂(ω, x, z) propagating in the
perturbed section [0, L/].
Using the resolution of the identity Πω associated to Pekeris operator R(ω), we have
p̂(ω, x, z) =
N(ω)∑
j=1
p̂j(ω, z)φj(ω, x) +
∫ k2(ω)
−∞
p̂γ(ω, z)φγ(ω, x)dγ,
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where p̂(ω, z) = Θω(p̂(ω, ., z)) and Θω is defined in Section 1.1.
For the sake of simplicity in the presentation of the forthcoming asymptotic analysis, we will
restrict ourself to solutions of the form
p̂(ω, x, z) =
N(ω)∑
j=1
p̂j(ω, z)φj(ω, x) +
∫ k2(ω)
ξ
p̂γ(ω, z)φγ(ω, x)dγ. (8)
This assumption is tantamount to neglecting the role played by the evanescent modes during the prop-
agation in the random medium. Nevertheless, as it has been observed in [15, 10] that these modes
play no role in the refocusing process. The reason is that these modes only imply a mode-dependent
and a frequency-dependent phase modulations without remove any energy from the propagating and
radiating modes, However, the dispersion phenomena are compensated by the time-reversal mecha-
nism. Moreover, we assume that  ξ and therefore we have two distinct scales. We will consider in
a first time the asymptotic  goes to 0 and in a second time the asymptotic ξ goes to 0.
2.1 Coupled Mode Equations
According to the pressure field decomposition (8), we give in this section the coupled mode equations,
which describes the coupling mechanism between the amplitudes of the two kinds of modes, prop-
agating and radiating modes. In the random section [0, L/], p̂(ω, z) satisfies the following coupled
equation in Hωξ = CN(ω) × L2(ξ, k2(ω)).
d2
dz2
p̂j(ω, z) + β2j (ω)p̂j(ω, z) +
√
k2(ω)
N(ω)∑
l=1
Cωjl(z)p̂l(ω, z)
+
√
k2(ω)
∫ k2(ω)
ξ
Cωjγ′(z)p̂γ′(ω, z)dγ′ = 0,
d2
dz2
p̂γ(ω, z) + γ p̂γ(ω, z) +
√
k2(ω)
N(ω)∑
l=1
Cωγl(z)p̂l(ω, z)
+
√
k2(ω)
∫ k2(ω)
ξ
Cωγγ′(z)p̂γ′(ω, z)dγ′ = 0,
(9)
where the coupling coefficients Cω(z) are defined by:
Cωjl(z) =
〈
φj(ω, .), φl(ω, .)V (., z)
〉
H
=
∫ d
0
φj(ω, x)φl(ω, x)V (x, z)dx,
Cωjγ(z) = Cγj(z) =
〈
φj(ω, .), φγ(ω, .)V (., z)
〉
H
=
∫ d
0
φj(ω, x)φγ(ω, x)V (x, z)dx,
Cωγγ′(z) =
〈
φγ(ω, .), φγ′(ω, .)V (., z)
〉
H
=
∫ d
0
φγ(ω, x)φγ′(ω, x)V (x, z)dx.
(10)
Next, we decompose the wave field p̂(ω, z) using the amplitudes of the generalized right- and
left-going modes â(ω, z) and b̂(ω, z), which are given by
p̂j(ω, z) =
1√
βj(ω)
(
âj(ω, z)eiβj(ω)z + b̂j(ω, z)e−iβj(ω)z
)
,
d
dz
p̂j(ω, z) = i
√
βj(ω)
(
âj(ω, z)eiβj(ω)z − b̂j(ω, z)e−iβj(ω)z
)
,
p̂γ(ω, z) =
1
γ1/4
(
âγ(ω, z)ei
√
γz + b̂γ(ω, z)e−i
√
γz
)
,
d
dz
p̂γ(ω, z) = iγ1/4
(
âγ(ω, z)ei
√
γz − b̂γ(ω, z)e−i
√
γz
)
∀j ∈ {1, . . . , N(ω)} and almost every γ ∈ (ξ, k2(ω)). From (9), this decomposition allows us to obtain
a first order differential system instead of a second order one, so that we obtain the coupled mode
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equation in Hωξ ×Hωξ for the amplitudes (â, b̂),
d
dz
â(ω, z) =
√
Haa(ω, z)
(
â(ω, z)
)
+
√
Hab(ω, z)
(
b̂(ω, z)
)
(11)
d
dz
b̂(ω, z) =
√
Hba(ω, z)
(
â(ω, z)
)
+
√
Hbb(ω, z)
(
b̂(ω, z)
)
. (12)
This system is complemented with the boundary conditions
â(ω, 0) = â0(ω) and b̂
(
ω,
L

)
= 0
where
âj,0(ω) =
√
βj(ω)
2
〈
Ψ̂(ω, ·), φj(ω)
〉
H
e−iβj(ω)LS , ∀j ∈ {1, . . . , N(ω)},
âγ,0(ω) =
γ1/4
2
〈
Ψ̂(ω, ·), φγ(ω)
〉
H
e−i
√
γLS , for almost every γ ∈ (ξ, k2(ω)).
(13)
For j ∈ {1, . . . , N(ω)}, âj,0(ω0) represents the initial amplitude of the jth propagating mode, and
for γ ∈ (ξ, k2(ω)), âγ,0(ω) represents the initial amplitude of the γth radiating mode at z = 0. The
initial conditions for the right-going mode â0(ω0) comes from (3), and the second condition for the
left-going modes means that no wave is coming from the right homogeneous waveguide. The coupling
operator Haa(ω, z), Hab(ω, z), Hba(ω, z), and Hbb(ω, z) in (11) and (12) are defined by:
Haaj (ω, z)(y) = Hbbj (ω, z)(y) =
ik2(ω)
2
[N(ω)∑
l=1
Cωjl(z)√
βj(ω)βl(ω)
yle
i(βl(ω)−βj(ω))z
+
∫ k2(ω)
ξ
Cωjγ′(z)√
βj(ω)
√
γ′
yγ′e
i(
√
γ′−βj(ω))zdγ′
]
,
Haaγ (ω, z)(y) = Hbbγ (ω, z)(y) =
ik2(ω)
2
[N(ω)∑
l=1
Cωγl(z)√√
γβl(ω)
yle
i(βl(ω)−√γ)z
+
∫ k2(ω)
ξ
Cωγγ′(z)
γ1/4γ′1/4
yγ′e
i(
√
γ′−√γ)zdγ′
]
,
Habj (ω, z)(y) = Hbaj (ω, z)(y) =
ik2(ω)
2
[N(ω)∑
l=1
Cωjl(z)√
βj(ω)βl(ω)
yle
−i(βl(ω)+βj(ω))z
+
∫ k2(ω)
ξ
Cωjγ′(z)√
βj(ω)
√
γ′
yγ′e
−i(
√
γ′+βj(ω))zdγ′
]
,
Habγ (ω, z)(y) = Hbaγ (ω, z)(y) =
ik2(ω)
2
[N(ω)∑
l=1
Cωγl(z)√√
γβl(ω)
yle
−i(βl(ω)+√γ)z
+
∫ k2(ω)
ξ
Cγγ′(z)
γ1/4γ′1/4
yγ′e
−i(
√
γ′+√γ)zdγ′
]
.
Let us remark that we have the following global conservation relations
‖â(ω, z)‖2Hω
ξ
− ‖b̂(ω, z)‖2Hω
ξ
= ‖â(ω, 0)‖2Hω
ξ
− ‖b̂(ω, 0)‖2Hω
ξ
∀z ∈ [0, L/] ,
‖â (ω,L/) ‖2Hω
ξ
+ ‖b̂(ω, 0)‖2Hω
ξ
= ‖â(ω, 0)‖2Hω
ξ
.
However, in our context, the coupling mechanism between the right- and the left-going mode is not
very convenient to study the time-reversal experiment. The asymptotic behavior of the whole coupling
mechanism between the right- and the left-going in a random waveguide with a bounded cross section
is carried out in [13], but this study leads to technical difficulties because of the waveguide geometry
in our context. Consequently, for the sake of simplicity we introduce in the following section the
forward scattering approximation, which allows us to neglect the coupling mechanism between the
right- and the left-going under certain conditions.
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2.2 Propagator and Forward Scattering Approximation
Before introducing this approximation, let us define the rescaled processes according to the size of the
random section [0, L/],
â(ω, z) = â
(
ω,
z

)
and b̂(ω, z) = b̂
(
ω,
z

)
which satisfy in Hωξ the rescaled coupled mode equation
d
dz
â(ω, z) = 1√

Haa
(
ω,
z

) (
â(ω, z)
)
+ 1√

Hab
(
ω,
z

) (
b̂(ω, z)
)
d
dz
b̂(ω, z) = 1√

Hba
(
ω,
z

) (
â(ω, z)
)
+ 1√

Hbb
(
ω,
z

) (
b̂(ω, z)
)
,
with the two-point boundary conditions
â(ω, 0) = â0(ω) and b̂(ω,L) = 0.
The propagator P(ω, z) is defined has being the unique solution of the following differential
equation
d
dz
P(ω, z) = 1√

H
(
ω,
z

)
P(ω, z) with P(ω, 0) = Id,
so that [
â(ω, z)
b̂(ω, z)
]
= P(ω, z)
[
â(ω, 0)
b̂(ω, 0)
]
.
According to the symmetry of H(ω, z) the propagator has the following particular form
P(ω, z) =
[
Pa (ω, z) Pb(ω, z)
Pb(ω, z) Pa (ω, z)
]
.
where, Pa (ω, z) and Pb(ω, z) are two operators representing respectively the coupling between the
right-going modes and the coupling between the right-going and left-going modes.
The forward scattering approximation is widely used in the literature. In this approximation the
coupling between forward- and backward-propagating modes is assumed to be negligible compared to
the coupling between the forward-propagating modes. The physical explanation of this approximation
is as follows. The coupling between a right-going propagating mode and a left-going propagating mode
involves coefficients of the form∫ +∞
0
E[Cωjl(0)Cωjl(z)] cos
(
(βl(ω) + βj(ω))z
)
dz,
where the coefficients Cω(z) are defined by (10), and the coupling between two right-going propagating
modes or two left-going propagating modes involves coefficients of the form∫ +∞
0
E[Cωjl(0)Cωjl(z)] cos
(
(βl(ω)− βj(ω))z
)
dz
∀(j, l) ∈ {1, . . . , N(ω)}2. The forward scattering approximation consists in assuming that∫ +∞
0
E[Cωjl(0)Cωjl(z)] cos
(
(βl(ω) + βj(ω))z
)
dz = 0 ∀(j, l) ∈ {1, . . . , N(ω)}2,
so that Pb(ω, z) = 0, that is there is no coupling between right-going and left-going propagating
modes. Therefore, this approximation holds if the power spectral density of the process V , i.e. the
Fourier transform of its z-autocorrelation function, possesses a cut-off wavenumber. We refer to
[12, 15] for justifications on the validity of this approximation. As a result, under this approximation
we can neglect the left-going propagating modes in the asymptotic → 0, and then consider only the
simplified coupled amplitude equation on [0, L]
d
dz
â(ω, z) = 1√

Haa
(
ω,
z

)
(â(ω, z)) with â(ω, 0) = â0(ω).
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(a) (b)
Figure 3: Representation of the time-reversal experiment. In (a) we represent the first step of the
experiment, and in (b) we represent the second step of the experiment.
Finally, we introduce the transfer operator Tξ,(ω, z), which is the solution of
d
dz
Tξ,(ω, z) = 1√

Haa
(
ω,
z

)
Tξ,(ω, z) with Tξ,(ω, 0) = Id. (14)
From this equation, one can easily check that the transfer operator Tξ,(ω, z) is unitary since Haa is
skew-Hermitian and
∀z ≥ 0, â(ω, z) = Tξ,(ω, z)(â0(ω)).
3 Time Reversal in a Waveguide
Time-reversal experiments with sonar in shallow water [18, 23] were carried out by William Kuperman
and his group in San Diego. This experiment is carried out in two steps. In the first step (see Figure
3 (a)), a source sends a pulse into the medium. The wave propagates and is recorded by a device
called a time-reversal mirror. A time-reversal mirror is a device that can receive a signal, record it,
and resend it time-reversed into the medium. In other words, what is recorded first is send out last.
In the second step (see Figure 3 (b)), the wave emitted by the time-reversal mirror has the property
of refocusing near the original source location, and it has been observed that random inhomogeneities
enhance refocusing [3, 6, 5, 7, 8, 9, 10, 21]. This experiment has already been analyzed in waveguides
with bounded cross-section in [10, Chapter 20] and [12, 14]. However, in contrast with all these
results where the random medium improve the refocusing, we show in this section in a context of
underwater acoustics that the random inhomogeneities deteriorate the refocusing property. In [1] the
authors observe such deterioration but in their context it is induced by viscosity effect in the wave
propagation model. We show in this section that this effect is simply induced by the inhomogeneities of
the propagation medium through the coupling mechanism between the propagating and the radiating
modes.
3.1 First Step of the Experiment
In the first step of the experiment (see Figure 4), a source sends a pulse into the medium, the wave
propagates and is recorded by the time-reversal mirror located in the plane z = L/. We assume
that the time-reversal mirror occupies the transverse subdomain DM ⊂ [0, d] and in the first step of
the experiment the time-reversal mirror plays the role of a receiving array. The transmitted wave is
recorded for a time interval
[
t0
 ,
t1

]
and is re-emitted time-reversed into the waveguide toward the
source. We have chosen such a time window because it is of the order of the total travel time of the
section [0, L/].
In this paper, the source profile Ψ(t, x) is given, in the frequency domain, by
Ψ̂q(ω, x) =
1
q
f̂
(
ω − ω0
q
)
×
N(ω)∑
j=1
φj(ω, x0)φj(ω, x) +
∫
(−S,−ξ)∪(ξ,k2(ω))
φγ(ω, x0)φγ(ω, x)dγ
 , (15)
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Figure 4: Representation of the first step of the time-reversal experiment.
with q > 0. The restriction q > 0 allows us to freeze the number of propagating and radiating modes,
introduced below, and gives simpler expressions of the transmitted field. Let us note that S can be
arbitrarily large and ξ can be arbitrarily small, so that the transverse profile (15) is an approximation
of a Dirac distribution at x0, which models a point source at x0. Moreover, 1q f̂(
ω−ω0
q ) is the Fourier
transform of f(qt)e−iω0t, which is a pulse with bandwidth of order q and carrier frequency ω0. In
this paper, we are interested by a source emitting a broadband pulse, that is for q ∈ (0, 1). For
our broadband source term with pulse width of order 1/q, smaller than the propagation distance,
the propagating modes are separated in time by the modal dispersion. With this kind of source,
waiting long enough to record all the train of pulses at the time-reversal mirror, one can observe a
self-averaging effect on the refocused pulse. This statistical stability implies that the refocused pulse
does not depend on the particular realization of the random medium. This phenomenon has been
widely studied in different contexts and there are many references about it [3, 4, 5, 7, 10, 12]. The
case q = 1, that we do not treat in this paper corresponds to the narrowband case. In this case the
order of the pulse width is comparable to the propagation distance. Consequently, the modes overlap
during the propagation and then the statistical stability of the time-reversal experiment depends on
the number of propagating modes [10, 12]. However, for the sake of simplicity, we consider only the
case q = 1/2 but the following analysis can be carried out ∀q ∈ (0, 1).
According to [10, 12, 15], the evanescent part of the wave field decreases exponentially fast with the
propagation distance. For more convenient manipulations in the study of the time-reversal experiment
we assume that the source location LS is sufficiently far away from 0 so that the evanescent modes
generated by the source are negligible. With this assumption and using (13), we can assume that the
incident pulse coming from the left is given, at z = 0, by:
pξ,inc(t, x, 0) =
1
2pi
∫ N(ω)∑
j=1
âj,0(ω)√
βj(ω)
φj(ω, x) +
∫ k2(ω)
ξ
âγ,0(ω)
γ1/4
φγ(ω, x)dγ
 e−iωtdω,
where
âj,0(ω) =
√
βj(ω)
2q f̂
(
ω − ω0
q
)
φj(ω, x0)e−iβj(ω)LS =
1
2q f̂
(
ω − ω0
q
)
a˜j(ω) (16)
∀j ∈ {1, . . . , N(ω)},
âγ,0(ω) =
γ1/4
2q f̂
(
ω − ω0
q
)
φγ(ω, x0)e−i
√
γLS = 12q f̂
(
ω − ω0
q
)
a˜γ(ω) (17)
for almost every γ ∈ (ξ, k2(ω)). Let us remark that this assumption is not restrictive and all the results
of this paper are valid for any LS < 0. Indeed, according to Proposition 4.2 in [15], in the asymptotic
→ 0, the information about the evanescent part of the source profile are lost during the propagation
in the random section [0, L/], and therefore they play no role in the pulse propagation and in the
time-reversal experiment. An efficient way to do not loss the information about the evanescent part
of the source term has been developed in [20] and studied in [14].
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Figure 5: Representation of the second step of the time-reversal experiment.
Finally, according to Section 2, the wave recorded by the time-reversal mirror is given by
ptr
(
t, x,
L

)
= 14pi
√

∫
f̂
(
ω − ω0√

)
×
N(ω)∑
j=1
1√
βj(ω)
T1,ξ,j (ω,L)(a˜(ω))φj(ω, x)eiβj(ω)
L
 e−iωt
+
∫ k2(ω)
ξ
1
γ1/4
T1,ξ,γ (ω,L)(a˜(ω))φγ(ω, x)ei
√
γ L dγe−iωt
]
dω,
where Tξ,(ω,L) is the transfer operator solution of (14).
3.2 Second Step of the Experiment
In the second step of the experiment (see Figure 5), the time-reversal mirror plays the role of a source
array, and the time-reversed signal is transmitted back. Now, the source term is given by
FTR(t, x, z) = −f TR(t, x)δ(z − L/)ez,
with
f TR(t, x) = ptr
(
t1

− t, x, LM

)
G1(t1 − t)G2(x),
where
G1(t) = 1[t0,t1](t) and G2(x) = 1DM (x).
Here, G1 represents the time window in which the transmitted wave is recorded, and G2 represents
the spatial window in which the transmitted wave is recorded. In our study, we are interested in the
spatial effects of the refocusing, so we assume that we record the field for all time at the time-reversal
mirror, that is the source has the form
f TR(t, x) = ptr
(
t1

− t, x, L

)
G2(x).
Now, we are interested in the propagation from z = L/ to z = 0. The decomposition with respect to
the resolution of the identity Πω associated to R(ω) (see Section 1.1) gives
p̂TR(ω, x, z) =
N(ω)∑
m=1
b̂m(ω, z)√
βm(ω)
e−iβm(ω)zφm(ω, x) +
∫ k2(ω)
ξ
b̂γ(ω, z)
γ1/4
e−i
√
γzφγ(ω, x)dγ,
with
b̂m(ω,L) =
√
βm(ω)
2 e
iβm(ω)L
〈
f̂ TR(ω, .), φm(ω, .)
〉
H
,
b̂γ(ω,L) =
γ1/4
2 e
i
√
γ L
〈
f̂ TR(ω, .), φγ(ω, .)
〉
H
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in Hωξ . Then, at the source location z = LS , we obtain
p̂TR(ω, x, LS) =
N(ω)∑
n=1
b̂n(ω, 0)√
βn(ω)
eiβn(ω)LSφn(ω, x) +
∫ k2(ω)
ξ
b̂γ(ω, 0)
γ1/4
ei
√
γLSφγ(ω, x)dγ,
with
b̂(ω, 0) =
(
Tξ,
)∗(ω,L)(b̂(ω,L)),
where
(
Tξ,
)∗(ω, z) stands for the adjoint operator of Tξ,(ω, z). Consequently, one can write
p̂TR(ω, x, LS) =
〈
Tξ,(ω,L)(b˜x(ω)), b̂(ω,L)
〉
Hω
ξ
,
where
b˜x,n(ω) =
1√
βn(ω)
φn(ω, x)e−iβn(ω)LS and b˜x,γ(ω) =
1
γ1/4
φγ(ω, x)e−i
√
γLS , (18)
and
b̂2m(ω,L) =
1
4
√

f̂
(
ω − ω0√

)
eiωt1
〈
T1,ξ,(ω,L)(a˜(ω)), λm(ω)
〉
Hω
ξ
,
b̂2γ(ω,L) =
1
4
√

f̂
(
ω − ω0√

)
eiωt1
〈
T1,ξ,(ω,L)(a˜(ω)), λγ(ω)
〉
Hω
ξ
,
in Hωξ , where λ(ω) is defined by
λ(ω)mj =
√
βm(ω)
βj(ω)
e−i(βm(ω)−βj(ω))
L
Mmj(ω),
λ(ω)mγ′ =
√
βm(ω)√
γ′
e−i(βm(ω)−
√
γ′)LMmγ′(ω),
λ(ω)γj =
√ √
γ
βj(ω)
e−i(
√
γ−βj(ω))LMγj(ω),
λ(ω)γγ′ =
γ1/4
γ′1/4
e−i(
√
γ−
√
γ′)LMγγ′(ω),
(19)
and with
Mrs(ω) =
∫ d
0
G2(x)φr(ω, x)φs(ω, x)dx
for (r, s) ∈ ({1, . . . , N(ω)} ∪ (ξ, k2(ω)))2. (Mrs(ω)) represents the coupling produced by the time-
reversal mirror between the modes during the two steps of the time-reversal experiment. Consequently,
p̂TR(ω, x, LS) =
1
4
√

f̂
(
ω − ω0√

)
eiωt1
〈
Uξ,(ω,L)
(
a˜(ω), b˜x(ω)
)
, λ(ω)
〉
Hω
ξ
⊗Hω
ξ
.
Here, we consider the tensorial space Hωξ ⊗Hωξ =
{
λ⊗ µ, (λ, µ) ∈ (Hωξ )2
}
, with (λ ⊗ µ)rs = λrµs
for (r, s) ∈ ({1, . . . , N(ω)} ∪ (ξ, k2(ω)))2 and ∀(λ, µ) ∈ (Hωξ )2. This space is equipped with the inner
product defined by
〈
λ, µ
〉
Hω
ξ
⊗Hω
ξ
=
N(ω)∑
j,l=1
λjlµjl +
N(ω)∑
j=1
∫ k2(ω)
ξ
λjγ′µjγ′dγ
′
+
∫ k2(ω)
ξ
N(ω)∑
l=1
λγlµγldγ +
∫ k2(ω)
ξ
∫ k2(ω)
ξ
λγγ′µγγ′dγdγ
′
∀(λ, µ) ∈ (Hωξ ⊗Hωξ )2. Finally, the time-reversal kernel Uξ,(ω,L) is defined by
Uξ,(ω,L)(y1, y2) = Tξ,(ω,L)(y1)⊗Tξ,(ω,L)(y2) (20)
13
∀(y1, y2) ∈ (Hωξ )2, describing the two steps of the time-reversal experiment through the random
medium thanks to the transfer operator Tξ,(ω,L) satisfying (14).
We study the refocused wave in a time window of order 1/
√
 comparable to the pulse width,
and centered at time tobs/, which is of the order the total travel time for a distance of order 1/.
Consequently, we will study the refocusing of the refocused wave at the source location z = LS given
by
pTR
( tobs

+ t√

, x, LS
)
= 12pi
∫
p̂TR(ω, x, LS)e−iωtdω
= 18pi
√

∫
f̂
(
ω − ω0√

)〈
Uξ,(ω,L)
(
a˜(ω), b˜x(ω)
)
, λ(ω)
〉
Hω
ξ
⊗Hω
ξ
e
iω
(
t1−tobs
 − t√
)
dω,
(21)
where a˜(ω) is defined by (16) and (17), b˜x(ω) is defined by (18), and λ(ω) is defined by (19).
In what follows, we consider a time-reversal mirror of the form DM = [d1, d2] with
d2 = dM + λαMoc d˜2 and d1 = dM − λαMoc d˜1,
where dM ∈ (0, d), (d˜2, d˜1) ∈ (0,+∞)2, and αM ∈ [0, 1]. Here, λoc = 2pic/(n1ω0) is the carrier
wavelength in the ocean section [0, d] of the waveguide. The time-reversal coupling matrix are therefore
given by
Mjl(ω) = (d2 − d1)Aj(ω)Al(ω)
×
[
cos
(
(σj(ω)− σl(ω))d2 + d12d
)
sinc
(
(σj(ω)− σl(ω))d2 − d12d
)
− cos
(
(σj(ω) + σl(ω))
d2 + d1
2d
)
sinc
(
(σj(ω) + σl(ω))
d2 − d1
2d
)]
,
(22)
for (j, l) ∈ {1, . . . , N(ω)}2, where Aj(ω) and σj(ω) are defined in Section 1.1. We give only the
coefficients Mjl(ω) for (j, l) ∈ {1, . . . , N(ω)}2, because in what follows only these terms will play a
role. The parameter αM represents the order of the magnitude of the size of the time-reversal mirror
with respect to the wavelength in the ocean cross-section [0, d]. In fact, we will see that the size of
the mirror plays a role in the homogeneous case only when it is of the order the carrier wavelength
λoc = 2pic/(n1ω0).
In the following section we study the transverse profile of the refocused wave in the continuum
limit N(ω0) 1 of a large number of propagating modes, which corresponds to the regime ω0 ↗ +∞.
However, we know that the main focal spot must be of order λoc, which tends to 0 in this continuum
limit N(ω0)  1. Consequently, we study the transverse profile of the refocused wave in a spatial
window of size λoc centered around x0.
3.3 Refocused Field in a Homogeneous Waveguide
To understand what are the effects produced by the random perturbations of the propagation medium
on the time-reversal experiment, we study first the refocused wave obtained in a homogeneous waveg-
uide. Let us consider the refocused wave in a time window of order 1/
√
, which is comparable to
the pulse width, and centered at time tobs/, which is of the order the total travel time for a distance
of order 1/. In this section we assume that the medium is homogeneous, so that Tξ,(ω,L) = Id.
Then, the refocused wave at the original source location is given by
pTR
( tobs

+ t√

, x,LS
)
= eiω0
t1−tobs
 e
−iω0 t√ · 14
N(ω0)∑
j,m=1
ei(βm(ω0)−βj(ω0))(−LS+L )Mjm(ω0)
× φj(ω0, x0)φm(ω0, x)Kω0j,m,L ∗ f
( (β′m(ω0)− β′j(ω0))L+ t1 − tobs√

− t
)
+O(√),
where
K̂ω0j,m,L(ω) = K̂
ω0
j,L(ω)K̂
ω0
m,L(ω) = ei(β
′′
j (ω0)−β′′m(ω0))Lω
2
2 , (23)
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and Kω0j,j,L = δ0. Consequently, in the asymptotic → 0, we can observe a refocused wave only for a
finite set of times given by
tjm = t1 + (β′m(ω0)− β′j(ω0))L. (24)
For m 6= j, we obtain
pTR
( tjm

+ t√

, x, LS
)
=eiω0
t1−tjm
 e
−iω0 t√ ei(βm(ω0)−βj(ω0))(−LS+L )Mjm(ω0)
× 14φj(ω0, x0)φm(ω0, x)K
ω0
j,m,L ∗ f(−t)
+O(√).
At time tjm (j 6= m) one can observe only the mth mode, emitted by the time-reversal mirror during
the second step of the experiment, coupled with the jth modes recorded by the time-reversal mirror
during the first step. This coupling is produced by the time-reversal mechanism through the time-
reversal mirror and characterized by the coupling matrix Mjm(ω0). Moreover, let us note that the
refocused wave shape is dispersed by the kernel Kω0j,L(t) during the first step of the experiment and
by Kω0m,L(−t) during the second step.
Now, for tobs = t1 we obtain
pTR
( t1

+ t√

, x, LS
)
= e−iω0
t√
 f(−t)HαMx0 (ω0, x) +O(
√
),
where
HαMx0 (ω0, x) =
1
4
N(ω0)∑
j=1
Mjj(ω0)φj(ω0, x0)φj(ω0, x).
Here, we have a contribution of all the propagating modes. The refocused wave is a superposition of
modes where each mode is coupled with itself by the time-reversal mirror through the terms Mjj(ω0).
We describe in the following proposition the transverse profile of the time-reversed pulse in a very
simple way in the regime ω0 ↗ +∞, which correspond to the continuum limit N(ω0) 1 of a large
number of propagating modes.
Proposition 3.1 For αM ∈ [0, 1), the transverse profile of the refocused wave in the continuum limit
N(ω0) 1 is given by
lim
ω0→+∞
λ1−αMoc
θ
HαMx0
(
ω0, x0 +
λoc
θ
x˜
)
= d˜2 + d˜1
d
sinc(2pix˜).
The width of the focal spot is therefore given by the diffraction limit λoc/(2θ).
The proof of Proposition 3.1 is given in Section 4.1 As a result the sinc function describes the asymp-
totic transverse profile of the refocused wave in the continuum limit.
The sinc profile has already been obtained in different contexts in time reversal to describe the
refocused transverse profile. Moreover, the size of the focal spot is of order λoc/(2θ), where λoc is
the carrier wavelength of the ocean section of the waveguide, and θ depends on the contrast of the
refractive index between the ocean section and the bottom of the waveguide. In [5, 10, 12, 14] for
instance the random perturbations of the medium improve the time-reversal refocusing, but we will
see in what follows that this statement is no more true in our context if the mode coupling mechanism
between the propagating and the radiating mode is not negligible.
3.4 Limit Theorem
To describe the effects of the random medium on the time-reversed wave (21) we need to know the
asymptotic distribution of the process Uξ,(ω, .), defined by (20) as  goes to 0 and ξ goes to 0. First,
let us remark that ∀(y1, y2) ∈ (Hωξ )2, with Hωξ = CN(ω) × L2(ξ, k2(ω)),
‖Uξ,(ω, z)(y1, y2)‖2Hω
ξ
⊗Hω
ξ
= ‖y1 ⊗ y2‖2Hω
ξ
⊗Hω
ξ
∀z ≥ 0,
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and then let us introduced some notations. Let ry = ‖y1 ⊗ y2‖Hω
ξ
⊗Hω
ξ
,
Bry,Hωξ⊗Hωξ =
{
λ ∈ Hωξ ⊗Hωξ , ‖λ‖Hωξ⊗Hωξ ≤ ry
}
the closed ball with radius ry, and {gn, n ≥ 1} a dense subset of Bry,Hωξ⊗Hωξ . We equip Bry,Hωξ⊗Hωξ
with the distance dBry,Hωξ ⊗Hωξ defined by
dBry,Hωξ ⊗Hωξ
(λ, µ) =
+∞∑
j=1
1
2j
∣∣∣∣〈λ− µ, gn〉Hω
ξ
⊗Hω
ξ
∣∣∣∣
∀(λ, µ) ∈ (Bry,Hωξ⊗Hωξ )
2, so that (BHω
ξ
, dBry,Hωξ ⊗Hωξ
) is a compact metric space.
In the following theorem, we give only the drifts of the infinitesimal generators because only this
part is of interest in what follows.
Theorem 3.2 ∀(y1, y2) ∈ (Hωξ )2, the stochastic process Uξ,(ω, .)(y1, y2) converges in distribution on
C([0,+∞), (Bry,Hωξ⊗Hωξ , dBry,Hωξ ⊗Hωξ )) as → 0 to a limit denoted by U
ξ(ω, .)(y1, y2), unique solution
of a well-posed martingale problem on Hωξ ⊗Hωξ starting from y1 ⊗ y2. Moreover, ∀(y1, y2) ∈ (Hω0 )2,
the stochastic processUξ(ω, .)(y1, y2) converge in distribution on C([0,+∞), (Bry,Hω0⊗Hω0 , dBry,Hω0 ⊗Hω0 ))
as ξ → 0 to a limit denoted by U0(ω, .)(y1, y2). This limit is the unique solution of the well-posed
martingale problem on Hω0 ⊗Hω0 starting from y1 ⊗ y2, and with drift given by
Lω1 + Lω2 ,
where
Lω1 =
N(ω)∑
j,l=1
j 6=l
Γ˜cjl(ω)
(
Ull∂Ujj + Ull∂Ujj
)
+ 12
N(ω)∑
j,l=1
[
Γcjj(ω) + Γcll(ω)−
(
Γ1jj(ω) + Γ1ll(ω)− 2Γ˜1jl(ω)
)](
Ujl∂Ujl + Ujl∂Ujl
)
+ 12
N(ω)∑
j=1
∫ k2(ω)
ξ
[
Γcjj(ω)− Γ1jj(ω)
](
Ujγ2∂Ujγ2 + Ujγ2∂Ujγ2
)
dγ2
+ 12
∫ k2(ω)
ξ
N(ω)∑
l=1
[
Γcll(ω)− Γ1ll(ω)
](
Uγ1l∂Uγ1l + Uγ1l∂Uγ1l
)
dγ1
+ i2
N(ω)∑
j,l=1
[
Γsll(ω)− Γsjj(ω)
](
Ujl∂Ujl − Ujl∂Ujl
)
− i2
N(ω)∑
j=1
∫ k2(ω)
ξ
Γsjj(ω)
(
Ujγ2∂Ujγ2 − Ujγ2∂Ujγ2
)
dγ2
+ i2
∫ k2(ω)
ξ
N(ω)∑
l=1
Γsll(ω)
(
Uγ1l∂Uγ1l − Uγ1l∂Uγ1l
)
dγ1,
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and
Lω2,ξ =−
1
2
N(ω)∑
j,l=1
[
Λcj(ω) + Λcl (ω)
](
Ujl∂Ujl + Ujl∂Ujl
)
− i2
N(ω)∑
j,l=1
[
Λsl (ω)− Λsj(ω)
](
Ujl∂Ujl − Ujl∂Ujl
)
− 12
N(ω)∑
j=1
∫ k2(ω)
ξ
[
Λcj(ω)− iΛsj(ω)
]
Ujγ2∂Ujγ2 +
[
Λcj(ω) + iΛsj(ω)
]
Ujγ2∂Ujγ2
− 12
∫ k2(ω)
ξ
N(ω)∑
l=1
[
Λcl (ω) + iΛsl (ω)
]
Uγ1l∂Uγ1l +
[
Λcl (ω)− iΛsl (ω)
]
Uγ1l∂Uγ1l
.
The proof of Theorem 3.2 uses exactly the same techniques as the ones developed in [15, 16]. They
are based on the perturbed-test-function method introduced in [19] and martingale techniques. Here,
we have considered the complex derivative with the following notations. If U = U1 + iU2 ∈ Hω0 ⊗Hω0 ,
we have (U1, U2) ∈ (Gω0 ⊗ Gω0 )2, where Gω0 = RN(ω) × L2(0, k2(ω)). Then, the operators ∂U = (∂Ur,s)
and ∂U = (∂Ur,s) are defined by
∂U =
1
2(∂U
1 − i∂U2) and ∂U =
1
2(∂U
1 + i∂U2),
with ∀f ∈ C1((Gω0 ⊗ Gω0 )2,R) and ∀λ = (λ1, λ2) ∈ (Gω0 ⊗ Gω0 )2
∑
n=1,2
[N(ω)∑
j,l=1
λnjl∂Unjlf(v
1, v2) +
N(ω)∑
j=1
∫ k2(ω)
ξ
λnjγ2∂Unjγ2
f(v1, v2)dγ2
+
∫ k2(ω)
ξ
N(ω)∑
l=1
λnγ1l∂Unγ1l
f(v1, v2)dγ1 +
∫ k2(ω)
ξ
∫ k2(ω)
ξ
λnγ1γ2∂Unγ1γ2 f(v
1, v2)dγ1dγ2
]
=
∑
n=1,2
〈
λn, ∂Unf(v1, v2)
〉
Gω0 ⊗Gω0
= Df(v1, v2)(λ),
which is the differential of f . Moreover, Γc(ω), Γs(ω), Γ1(ω), Λc(ω), and Λs(ω) are defined as follows:
∀(j, l) ∈ {1, . . . , N(ω)}2 and j 6= l
Γcjl(ω) =
k4(ω)
2βj(ω)βl(ω)
∫ +∞
0
E
[
Cωjl(0)Cωjl(z)
]
cos
(
(βl(ω)− βj(ω))z
)
dz,
Γcjj(ω) = −
N(ω)∑
l=1
l 6=j
Γcjl(ω),
Γsjl(ω) =
k4(ω)
2βj(ω)βl(ω)
∫ +∞
0
E
[
Cωjl(0)Cωjl(z)
]
sin
(
(βl(ω)− βj(ω))z
)
dz,
Γsjj(ω) = −
N(ω)∑
l=1
l 6=j
Γsjl(ω),
and ∀(j, l) ∈ {1, . . . , N(ω)}2,
Γ1jl(ω) =
k4(ω)
2βj(ω)βl(ω)
∫ +∞
0
E
[
Cωjj(0)Cωll (z)
]
dz,
Λcj(ω) =
∫ k2(ω)
ξ
k4(ω)
4
√
γ′βj(ω)
∫ +∞
0
E
[
Cωjγ′(0)Cωjγ′(z)
]
cos
(
(
√
γ′ − βj(ω))z
)
dzdγ′,
Λsj(ω) =
∫ k2(ω)
ξ
k4(ω)
4
√
γ′βj(ω)
∫ +∞
0
E
[
Cωjγ′(0)Cωjγ′(z)
]
sin
(
(
√
γ′ − βj(ω))z
)
dzdγ′,
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where the coefficients Cω(z) are defined by (10).
From Theorems 3.2, we have the following proposition about the autocorrelation function of the
transfer operator for the two steps of the time-reversal experiment.
Proposition 3.3 ∀(y1, y2) ∈ Hω0 ×Hω0 and ∀λ ∈ Hω0 ×Hω0 , the autocorrelation function of the transfer
operator for the two steps of the time-reversal experiment as → 0 and ξ → 0 is given by
lim
ξ→0
lim
→0
E
[〈
Uξ,(ω,L)(y1, y2), λ
〉
Hω
ξ
⊗Hω
ξ
]
= E
[〈
U0(ω,L)(y1, y2), λ
〉
Hω0⊗Hω0
]
=
N(ω)∑
j,l=1
T lj (ω,L)y1l y2l λjj +
N(ω)∑
j,m=1
j 6=m
eQjm(ω)Ly1j y
2
mλjm
+
N(ω)∑
j=1
∫ k2(ω)
0
e
1
2 (Γ
c
jj(ω)−Γ1jj(ω)−Λcj(ω))L− i2 (Γsjj(ω)−Λsj(ω))Ly1j y
2
γ′λjγ′dγ
′
+
∫ k2(ω)
0
N(ω)∑
m=1
e
1
2 (Γ
c
mm(ω)−Γ1mm(ω)−Λcm(ω))L+ i2 (Γsmm(ω)−Λsm(ω))Ly1γy
2
mλγmdγ
+
∫ k2(ω)
0
∫ k2(ω)
0
y1γy
2
γ′λγγ′dγdγ
′.
Here,
Qjm(ω) =
1
2
[
Γcjj(ω) + Γcmm(ω)− (Γ1jj(ω) + Γ1mm(ω)− 2Γ1jl(ω))− (Λcj(ω) + Λcm(ω))
]
+ i2
[
Γsmm(ω)− Γsjj(ω)− (Λsm(ω)− Λsl (ω))
]
.
with T lj (ω, z) is the solution of the coupled power equations
d
dz
T lj (ω, z) = −Λc,ξj (ω)T ξ,lj (ω, z) +
N(ω)∑
n=1
Γcnj(ω)
(T ln(ω, z)− T lj (ω, z)) (25)
and T lj (ω, 0) = δjl.
Let us note that,
T lj (ω0, L) = lim
ξ→0
lim
→0
E
[
|Tξ,j (ω0, L)(yl)|2
]
, (26)
with ylj = δjl and ylγ = 0 for γ ∈ (0, k2(ω)), is the asymptotic mean mode power of the jth propagating
mode of the transfer operators at distance z = L. The initial condition yl means that an impulse
equal to one charges only the lth propagating mode at z = 0. Equation (25) describes the transfer
of energy between the propagating and the radiating modes through the energy transport matrix
Γc(ω) the dissipation coefficients Λc(ω). These dissipation coefficients resulting from the coupling
between the propagating and the radiating modes are responsible to the radiative loss of energy of the
propagating modes into the ocean bottom. As we will see in the following section the deterioration
of the refocusing is due to these radiative losses which are caused by the random perturbations of the
propagation medium.
3.5 Refocusing in a Random Waveguide
Using the asymptotic analysis developed in the previous section, now we are able to describe the
asymptotic mean refocused wave. However, let us note that we only need to know the asymptotic
mean refocused wave since the refocused wave is self-averaging, which means the refocused wave
converges in probability to its asymptotic mean value. We refer to [16] for instance for a complete
proof of the self-averaging property. Let us note that the self-averaging property of the time-reversal
process has already been observed in many context [3, 5, 10, 12, 14].
18
Using the change of variable ω = ω0 +
√
h, the refocused wave is given by
pTR
( tobs

+ t√

, x, LS
)
e
iω0
(
tobs−t1
 +
t√

)
= 18pi
∫
f̂(h)eih
(
t1−tobs√

−t
)
× 〈Uξ,(ω0 +√h, L)(a˜(ω0 +√h), b˜x(ω0 +√h)), λ(ω0 +√h)〉Hω0+√h
ξ
⊗Hω0+
√
h
ξ
dh.
Using Proposition 3.3 we obtain
E
[
pTR
( tobs

+ t√

, x, LS
)]
e
iω0
(
tobs−t1
 +
t√

)
= 14
N(ω0)∑
j,m=1
√
βm(ω0)
βj(ω0)
ei(βm(ω0)−βj(ω0))
L

×Mmj(ω0)Kω0j,m,L ∗ f
( (β′m(ω0)− β′j(ω0))L+ t1 − tobs√

− t
)
E
[
Uξjm(ω0, L)
(
a˜(ω0), b˜x(ω0)
)]
+O(√),
(27)
where Kω0j,m,L are defined by (23). Let us note that there is no radiating part in the expression of the
refocused wave because all the radiating components of the refocused wave involve a term of the form∫ k2(ω)
ξ
φγ(ω, x)φγ(ω, y)ei
√
γ L = O()
uniformly bounded in x and y on bounded subset of [0,+∞)2. Moreover, we cannot observe the
recompression of the radiating components by time reversal because it holds only on a set with null
Lebesgue measure.
From (27), we obtain for m 6= j
lim
ξ→0
lim
→0
E
[
pTR
( tjm

+ t√

, x, LS
)]
e
iω0
(
tjm−t1
 +
t√

)
e−i(βm(ω0)−βj(ω0))
(
−LS+L
)
= eQjm(ω0)LMjm(ω0)Kω0j,m,L ∗ f(−t) ·
1
4φj(ω0, x0)φm(ω0, x),
where the times tjm are defined by (24). Then, at all these times we can observe the shape of the
refocused waves obtained in an homogeneous medium, but with the damping terms eQjm(ω0)L. As a
result, the amplitude of the coherent refocused waves at times tjm decays exponentially with respect
to the propagation distance L, and therefore becomes negligible for long propagation distance. More
precisely, as we will see in what follows, even for tobs = t1 the amplitude of the refocused wave will
decay exponentially fast, but in this case the decay rate is smaller that in the case tobs = tjm (m 6= j).
Now, for tobs = t1, we have from Proposition 3.3 a contribution of all the propagating modes
lim
ξ→0
lim
→0
E
[
pTR
( t1

+ t√

, x, LS
)]
e
iω0
t√
 = f(−t) · 14
N(ω0)∑
j,l=1
Mjj(ω0)T lj (ω0, L)φl(ω0, x0)φl(ω0, x), (28)
where T lj (ω0, L) are the asymptotic mean mode powers (26) satisfying the coupled power equations
(25), and Mjj(ω0) is defined by (22). From this last expression one can see that the refocusing of
time-reversed wave is closely related to the mean mode powers propagation described through the
coupled power equations (25). We will see in the following sections that the effects of the radiative
losses into the ocean bottom, and caused by the random inhomogeneities, affect the refocused wave
in two ways. First, the amplitude of the refocused wave decay exponentially with the propagation
distance. This exponential decay of the propagating mode powers is described in [17, 15]. The second
effect is the loss of resolution of the transverse profile. Let us recall that for a waveguide model with
a bounded cross section the energy is preserved, so that one can observe the classical time-reversal
superresolution effect mainly through a side-lobe suppression produced by the time-reversal mirror
[10, 12].
3.6 Exponential Decay of the Refocused Wave Amplitude
The exponential decay rate of the asymptotic propagating mean mode power (26) is carried out in
[15], but let us recall the result after introducing some notations.
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Let us consider
SN(ω0)+ =
{
X ∈ RN(ω0), Xj ≥ 0 ∀j ∈ {1, . . . , N(ω0)} and ‖X‖22,RN(ω0) =
〈
X,X
〉
RN(ω0) = 1
}
with
〈
X,Y
〉
RN(ω0) =
∑N(ω0)
j=1 XjYj for (X,Y ) ∈ (RN(ω0))2, and
Λcd(ω0) = diag
(
Λc(ω0), . . . ,ΛcN(ω)(ω0)
)
. (29)
Theorem 3.4 Let us assume that the energy transport matrix Γc(ω0) is irreducible. Then, we have
lim
L→+∞
1
L
ln
N(ω)∑
j=1
T lj (ω0, L)
 = −Λ∞(ω0)
with
Λ∞(ω0) = inf
X∈SN(ω0)+
〈(− Γc(ω0) + Λcd(ω0))X,X〉RN(ω0) > 0.
Unfortunately, Λ∞(ω0) is not easy to compute, but however we have the following inequalities
0 < Λmin(ω0) = min
j∈{1,...,N(ω0)}
Λcj(ω0) ≤ Λ∞(ω0) ≤ Λ(ω0) =
1
N(ω0)
N(ω0)∑
j=1
Λcj(ω0). (30)
Let us give two examples for which Λ∞(ω0) can be computed explicitly. First, if we assume that
the energy transport matrix Γc(ω0) can be replaced by 1τ Γc(ω0) with τ  1, that is we assume that
the mode coupling is strong. In this case one can show [15], using a probabilistic representation of
T lj (ω0, L) in terms of a jump Markov process, that
lim
τ→0
Λτ∞(ω0) = Λ(ω0),
and
lim
τ→0
T τ,lj (ω0, L) =
1
N(ω) exp
(
− Λ(ω0)L
)
.
The idea is that we have a strong mixing so that the decays rate averages. On the other hand, if we
assume that the energy transport matrix Γc(ω0) can be replaced by τΓc(ω0) with τ  1, that is we
have a weak mode coupling. In this case, one can show [15] that
lim
τ→0
Λτ∞(ω0) = Λmin(ω0),
The idea is that the modes coupling is too weak to provide any mixing so that the decay rate for the
jth mode is given by Λcj(ω0).
As we will see in what follows, the loss of resolution in the time-reversal experiment does not
depend only on the mode coupling between the radiative and the propagating modes, but also on the
energy transfer between the propagating modes, and described by the transfer matrix Γc(ω0).
3.7 Refocused Transverse Profile without Radiative Losses
Before, studying the effect of the radiative losses on the focusing quality, let us recall the basic result
in the case of negligible coupling between the propagating and the radiating modes [10, 12].
In this section and the following one let us note
HαMx0 (ω0, x, L) =
1
4
N(ω0)∑
j,l=1
Mjj(ω0)T lj (ω0, L)φl(ω0, x0)φl(ω0, x), (31)
the transverse profile of (28), where Mjj(ω0) is defined by (22), and αM represents the order of
magnitude of the time reversal mirror.
In this section, we assume that the radiative losses in the ocean bottom caused by the random
perturbations of the propagation medium are negligible, that is Λc(ω0) = 0. Consequently, the asymp-
totic mean mode powers satisfy (25) without the radiating coefficient Λc(ω0). Moreover, according
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to [10, 12], using a probabilistic representation of the propagating mean mode powers in terms of a
jump Markov, we have
lim
L→+∞
T lj (ω0, L) =
1
N(ω0)
.
This result describes the asymptotic behavior of the propagating mode powers for long propagation
distances. In this asymptotic the energy is uniformly distributed over all the propagating modes and
there is no loss of energy, in other words there is no loss of information. As a result, the refocused
transverse profile (31) is given by
lim
L→+∞
HαMx0 (ω0, x, L) =
1
4
N(ω0)∑
j=1
Mjj(ω0)
1
N
N(ω0)∑
l=1
φl(ω0, x0)φl(ω0, x), (32)
which is closed, up to a multiplicative constant, to the sinc profile according to Proposition 3.1.
However, let us note that in contrast to Section 3.3 for a homogeneous waveguide the resolution does
not depend on the time-reversal mirror. Let us also note that this transverse profile corresponds to the
projection of δ(x− x0) over the propagating modes, which corresponds to a point source localized at
x = x0. In absence of energy loss, or information loss, the refocused transverse profile, which is closed
to the sinc profile, is then the best profile which can be expected for the time-reversal experiment in
a random waveguide. However, to observe better refocusing properties, the waveguide setup has to
be modified as described in [14].
3.8 Example of a Refocused Transverse Profile without Loss of resolution
In this section, we show that the loss of resolution is not only due to the mode coupling between
the radiative and the propagating modes. In fact, in the first example introduced in Section 3.6 the
resolution quality is not affected, we still obtain the profile (32) but with a damping term decaying
exponentially fast, and with a decay rate depending on the mode coupling between the radiative and
the propagating modes.
If the propagating mode coupling process is stronger than the radiative losses, that is we consider
1
τ Γc(ω0) with τ  1, we have
lim
τ→0
T τ,lj (ω0, L) =
1
N(ω) exp
(
− Λ(ω0)L
)
,
where Λ(ω0) is defined in (30). Consequently, the refocused transverse profile (31) is given by
lim
L→+∞
HαMx0 (ω0, x, L) =
1
4 exp
(
− Λ(ω0)L
)N(ω0)∑
j=1
Mjj(ω0)
1
N(ω0)
N(ω0)∑
l=1
φl(ω0, x0)φl(ω0, x),
which is the refocused transverse profile obtained without any radiative losses (32) but with a damping
term given by the average radiative losses. Because of the strong mixing property the energy carried by
the propagating mode is uniformly distributed as discussed in Section (3.6), but decaying exponentially
fast, so that the transverse profile is the projection of δ(x− x0) over the propagating modes.
3.9 Loss of Resolution for the Refocused Transverse Profile in the Con-
tinuum Limit
This section is devoted to the study of the loss of resolution of the refocused transverse profile.
Considering, a nearest neighbor coupling mechanism in (25), we use the continuum approximation
(N(ω0) 1) of this equation to describe the refocused transverse profile.
3.9.1 Nearest Neighbor Mode Coupling
In the following sections we investigate the loss of resolution of the refocused wave. To lighten the
loss of resolution and in order to give simple representation of refocused the transverse profile (31),
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Figure 6: Illustration of negligible radiation losses in the shallow-water random waveguide model.
we consider the simplified coupled power equation
d
dz
T lN (ω0, z) = −ΛcN (ω0)T lN (ω0, z) + ΓcN−1N (ω0)
(T lN−1(ω0, z)− T lN (ω0, z)) ,
d
dz
T lj (ω0, z) = Γcj−1 j(ω0)
(T lj−1(ω0, z)− T lj (ω0, z))
+ Γcj+1 j(ω0)
(T lj+1(ω0, z)− T lj (ω0, z)) for j ∈ {2, . . . , N − 1},
d
dz
T l1 (ω0, z) = Γc2 1(ω0)
(T l2 (ω0, z)− T l1 (ω0, z)) ,
(33)
with T lj (ω0, 0) = δjl, that is we only consider a nearest neighbor mode coupling. As a result, only
the highest propagating mode can still be coupled with the radiating modes since it is the closest
mode to the continuous spectrum of the Pekeris operator. This simplified version of the coupled
power equation can be rigorously derived using a band-limiting idealization [15, 17], that is the power
spectral density of the random perturbations in the transverse direction has a compact support.
This simplification will be the starting point to study the refocusing properties using the continuous
diffusion approximations of (33) introduced in [15]. These continuum approximations allow to exhibit
in a very simple way the effects of the radiative losses on the transverse wave refocusing. First, let
us recall what happened if the radiation losses are negligible, that is we neglect the coupling between
the propagating and the radiating modes. Afterward, we describe the influence of the radiative losses
in the ocean bottom on the time-reversal refocusing.
3.9.2 Refocused Wave in the Continuum Limit with Negligible Radiation Losses
In this section, we study the transverse profile of the refocused wave in the case where the radiation
losses are negligible, that is ΛcN (ω) = 0. In this case, the two following propositions describe the
refocusing properties of (31).
According to Proposition 3.1, let us recall that the size of the focal spot is of order the carrier
wavelength of the ocean λoc = 2pic/(n1ω0), which tends to 0 in this continuum limit N(ω0) 1. Let
us also recall that the continuum limit N(ω0) 1 corresponds to the case ω0 ↗ +∞. Consequently,
we study the transverse profile (31) of the refocused wave in a window of size λoc centered around x0.
Proposition 3.5 For αM ∈ [0, 1), with negligible radiation losses, the transverse profile of the refo-
cused wave in the continuum limit N(ω0) 1 is given by
lim
ω0→+∞
λ1−αMoc
θ
HαMx0
(
ω0, x0 +
λoc
θ
x˜, L
)
= d˜2 + d˜1
d
sinc(2pix˜).
The transverse profile of the refocused wave is studied using the continuous diffusion approximation
model of the coupled power equation (33) introduced in [15, Theorem 6.5]. Without radiative losses
the energy is conserved (see Figure 6) so that we obtain the best transverse profile, which is the sinc
profile. In the same way, we have the following result for αM = 1, that is the carrier wavelength
and the magnitude of the time-reversal mirror are of same order. In order to study this case, let us
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introduce some notations. Let E = ⋃M≥1 EM , where
EM =

M∑
j=1
αjφj , (αj)j ∈ RM
 , and φj(x) =
√
2
d
sin
(
j
pi
d
x
)
∀x ∈ [0, d],∀j ≥ 1.
Let us remark that (φj)j is a basis of L2(0, d).
Proposition 3.6 For αM = 1, in the continuum limit N(ω0) 1, we have
lim
ω0→+∞
H1x0(ω0, ., L)− H˜1x0(ω0, ., L) = 0
in E ′, and where
lim
ω0→+∞
H˜1x0
(
ω0, x0 +
λoc
θ
x˜, L
)
= θ d˜2 + d˜1
d
sinc(2pix˜).
These results are consistent with the ones obtained Section 3.7 and in [10, Chapter 20] and [12],
where the authors have obtained the sinc function for transverse profile. The most important fact is
that, according to Proposition 3.1 the transverse profile of the refocused wave does not depend on the
magnitude of the time-reversal mirror, we obtain the sinc profile ∀αM ∈ [0, 1].
However, when the radiation losses are not negligible anymore the refocusing properties will be
affected in two ways. First, the amplitude of the wave decrease exponentially fast with the size of the
random section, and second, the refocusing quality itself is deteriorated by its losses.
3.9.3 Refocused Wave in the Continuum Limit with Radiation Losses
In addition to the exponential decay of the refocused wave amplitude, the second main effect of the
radiative losses is a deterioration of the focusing quality described in the two following theorems.
To study the refocused transversed profile (31) we use the continuous diffusion approximation model
introduced in [15, Theorem 6.3] of the coupled power equation (33). According to Proposition 3.1, let
us recall one more time that the size of the focal spot is of order the carrier wavelength of the ocean
λoc, which tends to 0 in this continuum limit N(ω0)  1 (ω0 ↗ +∞). Consequently, we study the
transverse profile (31) of the refocused wave in a window of size λoc centered around x0.
Theorem 3.7 For αM ∈ [0, 1), the transverse profile of the refocused wave in the continuum limit
N(ω0) 1 is given by
lim
ω0→+∞
λ1−αMoc
θ
HαMx0
(
ω0, x0 +
λoc
θ
x˜, L
)
= d˜2 + d˜1
d
H(x˜, L),
where
H(x˜, L) =
∫ 1
0
T1(L, u) cos(2piux˜)du, (34)
and T1(L, u) is the solution of
∂
∂z
T1(z, u) = ∂
∂u
(
a∞(·) ∂
∂u
T1
)
(z, u),
with the boundary conditions:
∂
∂u
T1(z, 0) = 0, T1(z, 1) = 0 and T1(0, u) = 1,
∀z > 0. Here,
a∞(u) =
a0
1− (1− pi2a2d2 ) (θu)2 ,
with a0 = pi
2S0
2an41d4θ2
, θ =
√
1− 1/n21, S0 =
∫ d
0
∫ d
0 γ0(x1, x2) cos
(
pi
dx1
)
cos
(
pi
dx2
)
dx1dx2. n1 is the index
of refraction in the ocean section [0, d], 1/a = lz,x is the correlation length of the random inhomo-
geneities in the longitudinal direction, and γ0 is the covariance function of the random inhomogeneities
in the transverse direction.
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Figure 7: Illustration of the radiative loss in the shallow-water random waveguide model.
The proof of Theorem 3.7 is given in Section 4.3. Consequently, the transverse profile of the refocused
wave can be expressed in terms of the diffusive continuous model, with a reflecting boundary condition
at u = 0 (the top of the waveguide) and an absorbing boundary condition at u = 1 (the bottom of
the waveguide) which represents the radiative loss (see Figure 7).
Thanks to Theorem 3.7, we can now give a simple explanation of this refocusing degradation.
First, let us recall that the quality of the refocusing depends much more on the high propagating
modes that the lower ones. As illustrated in Figure 9, the absorbing boundary condition at u = 1,
describing the radiation losses, degrades the information carried by the high propagating modes and
it is getting worst as the size of the random section becomes large. As a result, the function T1(L, u)
in (34) plays the role of a low pass filter, which therefore degrades the refocusing quality as illustrated
in Section 3.9.4 (Figure 9 and Figure 10). Consequently, the radiation losses degrade the quality
of the refocusing in two ways: the amplitude of the refocused wave decays exponentially with the
propagation distance, and the width of the focal spot increases and converges to an asymptotic value
as L → +∞ that is significantly larger than the diffraction limit λoc/(2θ), where λoc is the carrier
wavelength in the ocean section [0, d] (see Section 3.9.4).
Let us note that in the case of negligible radiation losses we have the same diffusive continuous
model as in Theorem 3.7 but with two reflecting boundary conditions at u = 0 and u = 1, (see Section
4.4 in Appendix to see the full details). However, in this case the solution of the diffusion equation is
trivial because of the energy conservation. As a result the main difference between the cases with or
without radiation losses is the low pass filter effect produced by the absorbing boundary condition at
u = 1 (the bottom of the waveguide), which breaks the energy conservation.
Let us also remark that the exponential decay of the refocused wave amplitude can also be obtained
directly from the diffusive continuous model [15, Theorem 6.3] described in Theorem 3.7. Finally, we
also have the same result for αM = 1, that is the carrier wavelength and the magnitude of the
time-reversal mirror are of same order.
Theorem 3.8 For αM = 1, in the continuum limit N(ω0) 1, we have
lim
ω0→+∞
H1x0(ω0, ., L)− H˜1x0(ω0, ., L) = 0
in E ′, which is the topological dual of E equipped with the weak topology, and where
lim
ω0→+∞
H˜1x0
(
ω0, x0 +
λoc
θ
x˜, L
)
= θ d˜2 + d˜1
d
H(x˜, L).
Here, H(x˜, L) is defined in Proposition 3.7.
Let us remark that in the case of a random waveguide, the order of magnitude αM of the time-
reversal mirror plays no role in the transverse profile compared to the homogeneous case.
3.9.4 Numerical Illustrations
In this section we illustrate the spatial focusing of the refocused wave around the source location. First,
we represent the evolution of T1(L, u), in presence of radiation losses, with respect to L. Here, T1(L, u)
24
Figure 8: Representation of T1(L, u), in the presence of radiation losses, with respect to the propa-
gation distance L.
(a) (b)
Figure 9: Normalized transverse profile. In (a) and (b) the dashed curves are the transverse profiles in
the case where the radiation losses are negligible, and the solid curves represent the transverse profile
H(x˜, L). In (a) we represent H(x˜, L) with L = 75, and in (b) we represent H(x˜, L) with L = 250.
is the mean mode power for the [N(ω0)u]th propagating mode in the continuum limit N(ω0)  1,
which is the solution of the partial differential equation in Theorem 3.7.
Second, we represent the transverse profile H(x˜, L) defined by (34) of the refocused wave, and
finally we illustrate the resolution of the refocused wave as the propagation distance L becomes large.
In this section, we consider the following values of the parameters. For the sake of simplicity, we
take a0 = 1, and the correlation length of the random inhomogeneities in the longitudinal direction
is 1 (a = 1). Moreover, we take n1 = 2 for index of refraction in the ocean section [0, d], and depth
d = 20.
We saw in Theorem 3.7 and Theorem 3.8 that T1(L, u), in the presence of radiation losses, plays an
important role in the transverse profile of the refocused wave. In Figure 8, we illustrate the influence
of the radiation losses on T1(L, u) as the propagation distance L increase. As we can see in Figure 9
and Figure 10, the radiation losses degrade the quality of the refocusing. Moreover, for L  1, one
can see a threshold of the quality of the resolution since
Hx0(x˜, L) '
L1
eλ1L
∫ 1
0
φ∞,1(v)dv
∫ 1
0
φ∞,1(u) cos(2pix˜u)du,
where λ1 < 0 is a simple eigenvalue, and the largest one, with corresponding eigenvector φ∞,1 of the
diffusion operator introduced in Theorem 3.7 (see [16, Lemma 2.2]).
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Figure 10: Representation of the evolution of the resolution with respect to the propagation distance
L.
Conclusion
In this paper we have analyzed the time reversal of waves of a broadband pulse in an underwater
acoustic channel with random perturbations. In this context, using the continuous diffusive models
developed in [15], describing the mode-power coupling between the propagating and radiating modes,
we describe in a simple way the refocused transverse profile (Theorem 3.7 and Theorem 3.8) to lighten
the negative effects of the radiative losses on the time-reversal refocusing property. We have seen that
radiation losses degrade the quality of the refocused transverse profile as the propagation distance
increases. First, the amplitude of the refocused wave decays exponentially with the propagation
distance (Section 3.6). Second, using a low pass filter representation of the refocused transverse
profile (Theorem 3.7), we have shown that the width of the main focal spot increases and converges
to an asymptotic value as the size of the random section increase, which is significantly larger than
the diffraction limit λoc/(2θ) obtained in Proposition 3.1 (where λoc is the carrier wavelength in the
ocean section with index of refraction n1, and θ =
√
1− 1/n21).
4 Appendix
4.1 Proof of Proposition 3.1
Let us first note that according to Lemma 1.1 and (7), we have
sup
j∈{1,...,N−Nα}
|A2j −
2
d
| = O(Nα−1) (35)
where Aj is defined by (5). Then, we split the transverse profile in two part in order to use Lemma
1.1 and (35),
d
d˜2 + d˜1
λ1−αMoc
θ
HαMx0
(
ω0, x0 +
λoc
θ
x˜
)
= λoc2θ
N−[Nα]∑
j=1
+
N∑
j=N−[Nα]+1
φj(ω0, x0)
φj(ω0, x0 + λocx˜/θ)
A2jd
2
[
1− cos
(
σj
2dM + λαMoc (d˜2 − d˜1)
d
)
sinc
(
σj
λαMoc (d˜2 + d˜1)
d
)]
.
so that the second sum on the right of the previous equality is of order O(Nα−1). Moreover,
∣∣∣λoc2θ
N−[Nα]∑
j=1
φj(ω0, x0)φj(ω0, x0 + λocx˜/θ)
× A
2
jd
2 cos
(
σj
2dM + λαMoc (d˜2 − d˜1)
d
)
sinc
(
σj
λαMoc (d˜2 + d˜1)
d
)∣∣∣ ≤ Kλ1−αMoc ln(N).
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Now, for the first sum of the previous equality we have
φj(ω0, x0)φj
(
ω0, x0 +
λoc
θ
x˜
)
=
A2j
2
[
cos
(
σj
λoc
θd
x˜
)
− cos
(
σj
2x0 + λocx˜/θ
d
)]
,
and
cos
(
σj
2x0 + λocx˜/θ
d
)
= cos
(
(σj − jpi)2x0 + λocx˜/θ
d
)
cos
(
jpi
2x0 + λocx˜/θ
d
)
− sin
(
(σj − jpi)2x0 + λocx˜/θ
d
)
sin
(
jpi
2x0 + λocx˜/θ
d
)
.
Then, using the Abel transform and Lemma 1.1, we get
λoc
∣∣∣N−[Nα]∑
j=1
cos
(
σj
2x0 + λocx˜/θ
d
)∣∣∣ ≤ KN 12− 32α.
Moreover, using (35), we also have
λocd
8θ
N−[Nα]∑
j=1
A4j cos
(
σj
λoc
θd
x˜
)
= λoc2θd
N−[Nα]∑
j=1
cos
(
2 j
N
pix˜
)
+O(Nα−1),
with
lim
ω0→+∞
λoc
2θd
N−[Nα]∑
j=1
cos
(
2 j
N
pix˜
)
=
∫ 1
0
cos(2upix˜)du = sinc(2pix˜).
That concludes the proof of Proposition 3.1.
4.2 Proof of Theorem 3.7
The refocused transversed profile is given by
d
d˜2 + d˜1
λ1−αMoc
θ
HαMx0
(
ω0, x0 +
λoc
θ
x˜, L
)
= λoc2θ
N∑
j,l=1
T lj (ω0, L)φl(ω0, x0)
φl(ω0, x0 + λocx˜/θ)
A2jd
2
[
1− cos
(
σj
2dM + λαMoc (d˜2 − d˜1)
d
)
sinc
(
σj
λαMoc (d˜2 + d˜1)
d
)]
,
Using the following probabilistic representation
T lj (ω0, L) = E
[
e
−
∫ L
0
Λc
Y Ns
(ω)1(YNs =N)∪(YNs =N−1)ds1(Y N
L
=j)
∣∣∣Y N0 = l],
where
(
Y Nt
)
t≥0 is a jump Markov process, with state space {1, . . . , N}, intensity matrix Γc(ω0), and
invariant measure µN , the uniform distribution over {1, . . . , N}, we have∣∣∣λoc2θ
N∑
j,l=1
T lj (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
× A
2
jd
2 cos
(
σj
2dM + λαMoc (d˜2 − d˜1)
d
)
sinc
(
σj
λαMoc (d˜2 + d˜1)
d
)∣∣∣
≤ λ1−αMoc N
[ N∑
j=2
1
pi(j − 1)PµN
(
Y NL = j
)
+ 1
σ1
PµN
(
Y NL = 1
)]
≤ Kλ1−αMoc ln(N).
Consequently, the transverse profile of the refocused wave is given by
λoc
2θ
N∑
j,l=1
A2jd
2 T
l
j (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ).
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Let η > 0 such that η  1. Thanks to (35), we have
λoc
2θ
N∑
j,l=1
A2jd
2 T
l
j (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
=λoc2θ
[N(1−η)]∑
j,l=1
A2jd
2 T
l
j (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
+O(η)
=λoc2θ
[N(1−η)]∑
j,l=1
T lj (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
+O(η).
Let fη(v) = 1[0,1−η](v), we have
λoc
2θ
N∑
j,l=1
A2jd
2 T
l
j (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
=λoc2θ
[N(1−η)]∑
l=1
T lfη (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
+O(η).
Now, we are able to use the continuous diffusion approximation given in [15, Theorem 6.2]. In what
follows Tfη is the solution of the diffusion equation given in Theorem 3.7 but with initial conditions
fη. As a result, we have
1
N
[N(1−η)]∑
l=1
∣∣∣T lfη (ω0, L)− Tfη(L, l/N)∣∣∣
≤
[N(1−η)]−1∑
l=1
∫ (l+1)/N
l/N
∣∣T [Nu]fη (ω0, L)− Tfη(L, [Nu]/N)∣∣du
≤
∫ 1
0
∣∣T Nfη (ω0, L, u)− Tfη (L, u)∣∣du
+
∫ 1
0
∣∣∣Tfη (L, u)− Tfη(L, [Nu]/N)∣∣du,
where the terms on the right side of the last inequality converge to 0 as ω0 → +∞. Then
λoc
2θ
N∑
j,l=1
A2jd
2 T
l
j (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
=λoc2θ
[N(1−η)]∑
l=1
Tfη (L, l/N)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
+O(η).
Moreover, we have
φj(ω0, x0)φj
(
ω0, x0 +
λoc
θ
x˜
)
=
A2j
2
[
cos
(
σj
λoc
θd
x˜
)
− cos
(
σj
2x0 + λocx˜/θ
d
)]
,
and
cos
(
σj
2x0 + λocx˜/θ
d
)
= cos
(
(σj − jpi)2x0 + λocx˜/θ
d
)
cos
(
jpi
2x0 + λocx˜/θ
d
)
− sin
(
(σj − jpi)2x0 + λocx˜/θ
d
)
sin
(
jpi
2x0 + λocx˜/θ
d
)
.
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Using the Abel transform, Lemma 1.1, (35), and the continuity of v 7→ Tfη1 (L, v) on [0, 1], we get
lim
ω0→+∞
λoc
∣∣∣ [N(1−η)]∑
l=1
Tfη (L, l/N)A2l cos
(
σj
2x0 + λocx˜/θ
d
)∣∣∣ = 0.
Moreover, using (35) on more time and the fact that limω0 supj λoc|σj − jpi| = 0,
lim
N→+∞
λoc
2θ
[N(1−η)]∑
l=1
Tfη (L, l/N)A2l cos
(
σj
λoc
θd
x˜
)
= lim
N→+∞
λoc
2θd2
[N(1−η)]∑
l=1
Tfη (L, l/N) cos
(
2pi l
N
x˜
)
= (1− η)
∫ 1−η
0
Tfη (L, u) cos(2piux˜)du.
Consequently, according to the proof of [15, Theorem 6.2], we have
‖Tfη (L, .)− T1(L, .)‖L2([0,1]) ≤ ‖fη − 1‖L2([0,1]),
and then
lim
ω0→+∞
∣∣∣λoc2θ
N∑
j,l=1
A2jd
2 T
l
j (ω0, L)φl(ω0, x0)φl(ω0, x0 + λocx˜/θ)
−
∫ 1
0
T1(L, v) cos(2piux˜)du
∣∣∣ ≤ Kη.
This concludes the proof of Theorem 3.7.
4.3 Proof of Theorem 3.8
Let M ≥ 1 and fM = ∑Mj=1 αjφj ∈ EM . Moreover, let
∀x ∈ [0, d], f˜M (x) =
M∑
j=1
αjφj(ω0, x).
Using (35) and
sup
j∈{1,...,M}
|σj − jpi| = O
(
1
N
)
,
we have
sup
x∈[0,d]
|fM (x)− f˜M (x)| = O
(
1
N
)
.
Finally, by considering
H˜1x0(ω0, x, L) =
d˜2 + d˜1
d
λoc
2θ
N∑
j,l=1
A2jd
2 T
l
j (ω0, L)φl(ω0, x0)φl(ω0, x),
we have〈
H1x0(ω0, ., L)− H˜1x0(ω0, ., L), fM
〉
L2(0,d) =
〈
H1x0(ω0, ., L)− H˜1x0(ω0, ., L), fM − f˜M
〉
L2(0,d)
+
〈
H1x0(ω0, ., L)− H˜1x0(ω0, ., L), f˜M
〉
L2(0,d),
with ∣∣〈H1x0(ω0, ., L)− H˜1(ω0, ., L), fM−f˜M〉L2(0,d)∣∣
≤ K
N
N
[ N∑
j=2
1
pi(j − 1)PµN
(
Y NL = j
)
+ 1
σ1
PµN
(
Y NL = 1
)]
≤ K ln(N)
N
,
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and ∣∣〈H1x0(ω0, ., L)−H˜1x0(ω0, ., L), f˜M〉L2(0,d)∣∣
≤ K
M∑
l=1
[
T lfη (ω0, L) +
1
[Nη] + 1P
(
Y NL ∈ {[Nη] + 1, . . . , N}
∣∣Y N0 = l)]
for η > 0, and fη(v) = 1[0,η]. Therefore, it suffices to study
∑M
l=1 T lfη (ω0, L). To do this, let gη be a
smooth function with compact support included in [0, 2η] and such that 0 ≤ fη ≤ gη ≤ f2η. Using
the second part of [15, Theorem 6.2],
lim
N→+∞
M∑
l=1
T lgη (ω0, L) = MTgη (L, 0) ≤MP0
(
x(t) ∈ [0, 2η]).
Here, we have used the probabilistic representation of T lgη (ω0, L) introduced in the proof of [15,
Theorem 6.2], where P0 is the unique solution of a martingale problem starting from 0. However, the
probabilistic representation can be chosen such that the associated diffusion process has aabsolutely
continuous transition probabilities with respect to the Lebesgue measure [11]. Therefore,
lim
ω0→+∞
〈
H1x0(ω0, ., L)− H˜1x0(ω0, ., L), f˜M
〉
L2(0,d) = 0,
and the rest of the proof is the same as the one of Theorem 3.7. 
4.4 Proof of Proposition 3.5
Following the proof of Theorem 3.7 and using [15, Theorem 6.4], we get
lim
ω0→+∞
λ1−αMoc
θ
H0,αMx0
(
ω0, x0 +
λoc
θ
x˜, L
)
= d˜2 + d˜1
d
∫ 1
0
T1(L, u) cos(2piux˜)du,
where T1(z, v) is a solution of
∂
∂z
T1(z, u) = ∂
∂u
(
a∞(·) ∂
∂u
T1
)
(z, u),
with boundary conditions
∂
∂u
T1(z, 0) = 0, ∂
∂u
T1(z, 1) = 0, and T1(0, u) = 1.
However, thanks to the conservation energy caused by the two reflecting boundary conditions, and
because the initial condition is constant equal to one, this problem admits only one solution, which
is T1(z, u) = 1.
The transverse profile of the refocused wave is studied using the diffusive continuous model in-
troduced in [15], with two reflecting boundary conditions at u = 0 (the top of the waveguide) and
u = 1 (the bottom of the waveguide). Here, the two reflecting boundary conditions mean that there
is no radiative loss anymore (see Figure 6), and then the energy is conserved. This is the reason why
T1(z, u) = 1. Consequently, the sinc profile obtained in Proposition 3.5 is the best transverse profile
that we can obtain. 
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